In this paper, we consider the use of a single qutrit for random generation. This is possible because single qutrits exhibit contextuality features [7] . Moreover this has yet been realized as reported in [8] and [15] . Here, we aim to optimize the entropy of the generated sequence. To do this, we do not rely on the KCBS inequality as done in [15] , but instead on the use of a specific state and a check for fidelity. By the way, we show that this check can be considered as a variant of the CHSH inequality applied to pairs of photons or spin-1/2 particles (qutrits are often realized as a pair of indistinguishable qubits). The physical realisation of this random generator should be eased by the fact it needs only to implement spin operations and measurement, not general SU(3) qutrit manipulations.
Qutrits
Besides qubits which are most often considered for quantum computation, are qutrits which can be represented as state vectors in C 3 . Qutrits have a lot of useful features for storing quantum information. They are known to be more robust than qubits against decoherence. They lead also to Bell inequalities [6] which are more resistant to noise. Even more importantly for the purpose of the present paper, a single qutrit exhibits contextuality features, as shown for example in [7] .
Biphotonic qutrits
A spin-1 particle carry qutrit quantum information. But often in practice, qutrits are physically realized as pairs of indistinguishable photons (biphotons) or by two indistinguishable spin-1/2 particles. The state of the two particles belongs in the space C 2 ⊗ C 2 of states of two qubits. In this space, the singlet state 1 √ 2 |01 − |10 negated if left and right qubits are permuted. The orthogonal space of the singlet is spanned by the three states |00 ,
and is made of symmetric states (invariant when left and right qubits are permuted). This space of symmetric states is the space of states of two indistinguishable qubits. The basis states of (1) are sometimes written instead |+ , |0 , |− and we adopt this notation. Note that biphoton qutrits have yet been used to improve security and efficiency of quantum key distribution [2] . They also have been used for random generation [8] [15] .
Qutrit spin
In principle, general action over one qutrit can be described by any operator in the SU(3) group, which is a real manifold of dimension 8. However, spin operations, which involve the group SU(2) -a manifold of dimension 3 -are much more common and easy to implement (However, some works such as [3] and [10] aim to extend the set of realizable operations beyond SU (2)). In fact, SU(2) operations are the only accessible with linear optics for qutrits realized with biphotons.
Basic qutrit spin observables are given by the following three matrices
All of them have the three eigenvalues 0 and ±1. Respective eigenvectors are given by
Symmetrisation
Following [9] we define a linear map from the set of qubit operators to the set of operators over symmetric pairs of qubits.
This map is not multiplicative as Γ If U is a {±1}-valued observable. Then Γ(U ) can be viewed as a qutrit operator, with eigenvalues ±1 and 0: if |v ε (with ε = ±1) are ε-eigenvectors of U , then |v ε ⊗ |v η are 1 2 (ε + µ)-eigenvectors of Γ(U ).
Entanglement
Consider a general (pure) qutrit state
Wootters concurrence [16] for this qutrit is given by
It is known to be a measure of entanglement. A concurrence equal to 1 means a maximally entangled state, and a zero concurrence means no entanglement. Entanglement of (spin) qutrits has been discussed in [1] .
The CHSH inequality
The CHSH [4] inequality is probably the most simple Bell inequality. It is based on two parties, twomeasurements per party, two possible issues ±1 per measurement. Name Alice and Bob the two parties, and denote a 1 and a 2 the values of the two measurements Alice can operate, and b 1 and b 2 the issues of the two measurements Bob can operate. It is easy to show that, under local realistic assumptions,
It turns out that quantum systems can violate this inequality to the quantum (Tsirelson) bound 2 √ 2 [14] . It is the case for a quantum system composed of two qubits: if Alice operates one of two measurements A 1 and A 2 over the left qubit, and Bob operates B 1 or B 2 over the right qubit, the expected value
can reach up the Tsirelson bound 2 √ 2, when for example the four observables are described by the following matrices :
and |φ = 1 √ 2 (1, 0, 0, 1) t . As a widely known conclusion this shows that quantum physics cannot be described by local realistic models.
CHSH for biphotons
We cannot consider the expected value (5) when considering biphotons because observables A i and B j are not symmetrical. However, it turns out that
is also upper bounded by 2 √ 2 when applied to biphotons, and this bound is reached for example with the symmetric state 1 √ 2 |00 + |11 -or equivalently with the qutrit 1 √ 2 |+1 + |−1 -and the A i and B j observables from (6) .
As symmetrical observables, it is possible to express them in qutrit form. It is easy to check that Γ(A 1 ) = S Z and Γ(A 2 ) = S X . Remark that
Moreover, if W is a spin measurement such that U , V and W are pairwise orthogonal, then we know that U 2 + V 2 + W 2 = 2I (this is the Casimir invariant). Thus, for example
As we yet know, the state |ψ which reach the upper bound 2 √ 2 for CHSH(S Z , S X ) is the one such that ψ | S 2 Y | ψ = 0, specifically 1 √ 2 |+ + |− . Hence, checking ψ | S 2 | ψ = 0 for some spin measurement, is in fact a check for maximal entanglement.
Spin measurements

Three basic directions
Consider the general qutrit state (4) . The probabilities of each issue 0 and ±1 for each measurement (2) of this state are respectively
For random generation, it is suitable that each issue occur with the same probability, for each of the three basic measurements. The following proposition explicits the conditions under which this happens.
-Proposition. For the four states
any of these nine probabilities are 1/3. Moreover they are the only states for which this propery holds.
These four unbiaised states are maximally entangled (their concurrence equals 1). We now choose one of these four states, say
and we will use it for random generation.
Spin direction in the plane x, y
We want to express the spin observable, for any direction. A direction (unit vector) will be described with polar coordinates (x, y, z) = (cos χ cos ϕ, cos χ sin ϕ, sin χ). For convenience, we will put c = cos χ, s = sin χ and θ = exp(iϕ).
We begin with χ = 0. So we consider spin measurements in the x, y-plane with direction defined by the angle ϕ or more conveniently by the unit complex number θ = exp(iϕ). The spin observable in this direction is
We can also compute the probabilities of issues 0 and ±1 when measuring the state (4).
Random generation
General spin
For a general direction spin measurement, the spin observable can be written as
and its eigenvectors are given by
Note that the 0-eigenvector is maximally entangled (its concurrence equals 1), but the ±1-eigenvectors are non-entangled (their concurrence equals 0). The probabilities of the issues 0 and ±1 when measuring state (4) are given by :
State testing
First observe that the state |ψ given in (7) is the 0-eigenvector of the S c,θ observable for c = 1/ √ 3 and θ = ζ 3 . Explicitely we have
Using some measurements with observable S 2 1/ √ 3,ζ 3 , one can check that a source of states |ψ does not deviate from (7) because it is the only state satisfying ψ|S 
Random generation
Here we consider the use of a single qutrit for random generation. We cannot use non locality properties as in [13] , but we know that qutrits exihibits contextuality features, as shown in [7] . Random generation using non-contextuality of a qutrit has yet been physically realized, as reported in [8] , but without optimization of the entropy of issues. Another realization has been reported in [15] , where the inequality KCBS was used to obtain a bound on the generated entropy. We propose here a different method, and we aim to reach optimality by using the unbiaised state (7) and suitable measurements.
We need a source of public randomness, that is a sequence of random or pseudorandom numbers which can be known by attackers. This public randomness can easily be converted in trits (ternary digits) which will be denoted (r 1 , r 2 , . . .). It will used as input in our generator. We also need a source of qutrits (q 1 , q 2 , . . .) in the unbiaised state (7) . For most qutrits q i provided by the source, we setup a measurement device in one of the three basic directions (S z , S x or S y if r i = 0, 1, or 2 respectively). The issue of the measurement is also a trit, denoted a i . The sequence of output trits is a totally uncorrelated to the input sequence, and its security is ensured by the truly random nature of the issues of quantum measurements. Moreover, the entropy of the generated sequence is maximal, provided the quantum source delivers qutrits in unbiaised state.
For this, we need to check the quality of the quantum states source. This quality is given by the quantum fidelity between the states ϕ delivered by the source, and the unbiaised state. To evaluate it, we (randomly) choose a fraction of the delivered states, and apply to them a measurement with observable S 2 1/ √ 3,ζ 3 instead. A statistical analysis of the results of these checks reveals a defect in the quality of the source if the expected value obtained is above some bound. In that case, the privacy of the output sequence of trits is not guaranteed and it should be discarded. If the expected value of these checks remains below the bound, the output sequence can be used safely for cryptographic purposes. More precisely, the probability that ψ|S 1/ √ 3,ζ 3 |ψ = 0 (or equivalently ψ|S 2 1/ √ 3,ζ 3 |ψ = 0) is the fidelity of the state |ψ relatively to the 0-eigenstate |ϕ of S 1/ √ 3,ζ 3 given in (7) . It equals
The following proposition can be used to estimate, within an risk δ arbitrarilly small, that the fidelity of the source is adequate.
4.1. -Proposition. Let α > 0 and δ > 0. Let X i the random variable with takes value 1 when the i-th measurement issues 0 and takes value 0 otherwise. Assume we conduct ℓ independent measurements with ℓ = 1/4ε 2 δ . Let Y = 1 ℓ X i . Then the probability that the random variable Y fails to estimate F within ε precision is less than δ:
prob{|Y − F | ε} δ.
Proof -The X i are Bernoulli random variables with expected value F and variance F (1 − F ). Then the Y random variable has expected value F and variance 1 ℓ F (1 − F ). By the Chebyshev inequality we get:
Conclusion
We described a quantum number generator, which produces secure random ternary digits sequences with maximal entropy. The security of this sequence is ensured by the truly random nature of issues of quantum measurements. The higher entropy of the output sequence is obtained using unbiaised states (7) . The physical realisation of this random generator should be eased by the fact it needs only SU(2) operations and measurements.
